Abstract. The purpose of this note is to give a new, short proof of a classification of ACM sets of points in P 1 × P 1 in terms of separators.
Throughout this paper k will denote an algebraically closed field of characteristic zero. Given a finite set of points X ⊆ P n 1 × · · · × P nr , it can be shown (see, for example [3, Theorem 2.1]) that dim R/I X = r and 1 ≤ depth R/I X ≤ r, where R = k[P n 1 × · · · × P nr ] is the multigraded coordinate ring of P n 1 × · · · × P nr , and I X is the multihomogeneous ideal associated to X. When depth R/I X = r, then we say X is arithmetically Cohen-Macaulay (ACM). It is natural to ask if one can classify which finite sets of points in P n 1 × · · · × P nr are ACM. This problem was initially studied in [1] in the case that X ⊆ P 1 ×P 1 . In particular, ACM sets of points in P 1 × P 1 were classified in terms of their bigraded Hilbert functions. Other classifications exist for points in P 1 × P 1 , but the general problem remains; see [3] for details.
Marino [4] gave a new classification of ACM sets of points in P 1 × P 1 in terms of separators of points. Using results of [2, 3] , we will give a new, short proof of this result. We begin by stating the necessary definitions and results. Definition 1. Let X be a set of distinct points in P n 1 × · · ·× P nr and P ∈ X. A multihomogeneous form F ∈ R is a separator for P if F (P ) = 0 and F (Q) = 0 for all Q ∈ X \ {P }.
We induce a partial order on N r by setting (a 1 , . . . , a r ) (b 1 , . . . , b r ) if a i ≥ b i for i = 1, . . . , r. If S ⊆ N r is a subset, then let min S denote the set of minimal elements of S with respect . Definition 2. Let X be a set of distinct points in P n 1 ×· · ·×P nr . The degree of a point P ∈ X is the set deg X (P ) = min{deg F | F is a separator for P ∈ X}.
The set deg X (P ) = {α 1 , . . . , α s } ⊆ N r may have more than one element. If F is a separator of P with deg F = α i ∈ deg X (P ), then F is essentially unique (up to scalar multiplication). 
As noted, one will have | deg X (P )| ≥ 1. However, when X is ACM, we have:
We will make use of the following geometric classification of ACM sets of points in P 1 × P 1 .
Theorem 5 ([3, Theorem 4.3])
. Let X ⊆ P 1 × P 1 be a finite set of points. Then X is ACM if and only if X satisfies the property: whenever P × Q and
The following two results found in [2] , compute the degree of a point in some special cases.
Lemma 6 ([2, Lemma 4.3]). With the above notation, we have
(1) Let {Q 1 , . . . , Q b } be b ≥ 2 distinct points in P 1 , and let P 1 be any point of P 1 (we allow the case the at P 1 = Q i for some i). Consider the set of points
Then X is ACM, and furthermore, deg
. . , P a } be a ≥ 2 distinct points in P 1 , and let Q 1 be any point of P 1 (we allow the case the at Q 1 = P i for some i). Consider the set of points
be all the points of X whose first coordinate is P , and let
be all the points of X whose second coordinate is Q. Then
We are now ready to give a new proof for Marino's main result.
Theorem 8 ([4, Proposition 6.7]). Let X ⊆ P 1 × P 1 be a set of distinct points. Then X is ACM if and only if | deg X (P )| = 1 for all P ∈ X.
Proof. In light of Theorem 4, it suffices to prove the (⇐) direction. We will prove the contrapositive statement: if X is not ACM, then there exists a point P × Q ∈ X such that | deg X (P × Q)| > 1. Note that throughout this proof we use that fact that if P × Q ∈ X, then the defining ideal of this point
where L P is a form of bidegree (1, 0) and L Q is a form of bidegree (0, 1). Let π 1 (X) = {P 1 , . . . , P r } and π 2 (X) = {Q 1 , . . . , Q s } be the set of first coordinates (respectively, second coordinates) that appear in X. By Theorem 5, there exist points P × Q and P ′ × Q ′ in X such that P × Q ′ and P ′ × Q are not in X. After relabelling, we can assume P × Q = P 1 × Q 1 and
We set X P 1 = {P × Q ∈ X | P = P 1 } and X Q 1 = {P × Q ∈ X | Q = Q 1 }. We thus have
Note that P 1 × Q 2 ∈ X P 1 and P 2 × Q 1 ∈ X Q 1 . There are now four cases to consider. In each case we will show | deg
In this case P 1 × Q 1 is the only point of X with first coordinate P 1 and second coordinate Q 1 .
The two forms If | deg X (P 1 × Q 1 )| = 1, then there would be a separator F of P 1 × Q 1 such that (r − 1, 0) deg F and (0, s − 1) deg F . But this would mean that deg F = (0, 0); however, there is no separator of
Note that F would also be a separator of P 1 × Q 1 in X P 1 , and thus, by Lemma 6 (1), we will have deg
}, by Theorem 3 F is the unique (up to scalar multiplication in R/I X ) separator of
for some nonzero scalar c and H ∈ I X . However, it then follows that F (P 2 × Q 2 ) = 0, contradicting the fact that F is a separator of
The proof is similar to the previous case. Case 4:
The two forms
and − 1, b − 1) . By Theorem 7, the point P 1 × Q 1 in the scheme X ′ has deg X ′ (P 1 × Q 1 ) = {(a − 1, b − 1)}, and thus by Theorem 3, the form F must be the unique (up to scalar multiplication in R/I X ) separator of P 1 × Q 1 in X ′ . On the other hand, the form
is also a separator of degree (a − 1, b − 1) of P 1 × Q 1 in X ′ , and thus F = cF ′ + H for some c and H ∈ I X . But then F (P 2 × Q 2 ) = 0, contradicting the fact that F must pass through every point if X \ {P 1 × Q 1 }. Hence, we must have | deg X (P 1 × Q 1 )| > 1.
